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The progressive and increasing invasion of an opportunistic predator, the lionfish (Pterois
volitans) has become a major threat for the delicate coral-reef ecosystem. The herbivore
fish populations, in particular of Parrotfish, are taking the consequences of the lionfish
invasion and then their control function on macro-algae growth is threatened. In this
paper, we developed and analyzed a stage-structured mathematical model including
P. volitans (lionfish), a cannibalistic predator, and a Parrotfish, its potential prey. As
control upon the over predation, a rational harvest term has been considered. Further,
to make the system more realistic, a delay in the growth rate of juvenile P. volitans
population has been incorporated. We performed a global sensitivity analysis to identify
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important parameters of the system having significant correlations with the fishes. We
observed that the system generates transcritical bifurcation, which takes the P. volitans-
free equilibrium to the coexistence equilibrium on increasing the values of predation rate
of adult P. volitans on Parrotfish. Further increase in the values of the predation rate of
adult P. volitans on Parrotfish drives the system into Hopf bifurcation, which induces
oscillation around the coexistence equilibrium. Moreover, the conversion efficiency due
to cannibalism also has the property to alter the stability behavior of the system through
Hopf bifurcation. The effect of time delay on the dynamics of the system is extensively
studied and it is observed that the system develops chaotic dynamics through period-
doubling oscillations for large values of time delay. However, if the system is already
oscillatory, then the large values of time delay causes extinction of P. volitans from the
system. To illustrate the occurrence of chaotic dynamics in the system, we drew the
Poincaré map and also computed the Lyapunov exponents.

Keywords: Trophic Interactions; Stage-Structured Population Dynamics; Cannibalism;
Harvesting; Chaos; Global Sensitivity.

1. Introduction

Worldwide almost every organism goes through multiple stages in their life cycle. A
stage-structured mathematical model with two stages is identified as juvenile and
adult.1,2 Further, in a stage-structured predator–prey system, cannibalistic inter-
actions are very common.3,4 As the cannibalistic predator invades upon its own
species, the predatory pressure on the prey population is reduced.5 To take shelter
by prey is another important phenomenon that has came into the scenario.6,7 In
the coral-reef ecosystem, for example, the prey population avoids excessive preda-
tion by carnivorous fishes in the seabed by hiding themselves between the coral
branches. Based on observations from numerous field and laboratory experiments,
ratio-dependent predator–prey models are favored by many researchers.8–12

Our model assumes as a predatory species the lionfish (Pterois volitans, Scor-
penidae), native to Indo-Pacific. Since 1992, lionfish invaded temperate and tropical
Western Atlantic, starting from Florida through the Bahamas and Caribbean Sea
to the Northwestern U.S.A. coasts.13–15 Lionfish are opportunistic and generalist
carnivores.16 Being at the top level of the food chain in numerous reef conditions,
P. volitans possess a definite life cycle with two stages, juvenile and adult. Lionfish
can become mature within the first year of life (when they achieve the total length
of 120–200mm).15 Juvenile diet mainly based on shrimps shifts to fish preys when
lionfish attempt their sexual maturity.16 In Western Atlantic, adult diet is mainly
based on reef omnivore and carnivore fish some of which are key fishery species.14

According to Peake et al.,16 minor is the impact of lionfish on herbivore preys,
but on some of them, like red band Parrotfish (Sparisoma aurofrenatum, Scaridae),
threatened by overfishing, the lionfish predation could cause a rapid decline. The
adult lionfish are known to exhibit a cannibalistic behavior, as they not only feed
on the fish preys (mainly Parrotfish), but also on the juveniles of their own species,
like many other carnivorous fish. Now-a-days, an acute disruption has shown up
in the western Atlantic coral-reef ecosystem due to the invasion of lionfish.17–19

Biologically, P. volitans show some extraordinary adaptive traits like cryptic form,
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high competitive nature, fast growth, slow movement, low parasite load etc., which
have made them efficient predators and hard to prey on (lionfish are venomous).
According to Albins,20 lionfish predation affects native fishes over 2.5 times than
that of similar native predator. Moreover, Benkwitt21 suggest that lionfish, as their
density increases, could show a cooperative hunting behavior, than increasing their
efficiency. Lionfish can be an important cause of local or regional decline of herbi-
vores where these latter were stressed by overfishing, like in the Caribbean.16 As
the herbivores feed on algae, loss of herbivores causes a huge spread in algae over
the coral reefs, which in turn decelerates the growth of corals.20–24 Herbivores such
as Parrotfish have a key role in the tropical reef ecosystems as they control exces-
sive algae growth thus promoting the biodiversity of the system.17,25 To control the
lionfish invasion in the coral-reef ecosystem, despite the adoption of several tech-
niques of biological control such as introduction of harmful parasites, pathogens
and predators, the most effective way to limit their population seems to harvest
adults in a particular manner.26

A recent study showed that as the herbivorous fish population drops drastically
as a consequence of the invasiveness of P. volitans, this latter showed a drastic
decrease as well.21 By 2015, in a part of the Bahamas, densities of lionfish declined
on most of the reefs, despite lack of fishing efforts. This oscillatory behavior of the
predator–prey relationship is in accordance with the paradox of biological control in
which a system cannot have both a low and stable prey equilibrium density. Bhat-
tacharya and Pal27 investigated the dynamics of a stage-structured predator–prey
reaction–diffusion system with Holling type III functional response. They found that
the system undergoes Hopf bifurcation when the intrinsic growth rate of herbivo-
rous prey crosses certain critical value. Further, they studied the effects of predation
and cannibalism of a top predator species with harvesting.28 Their analysis leads
to different thresholds in terms of the model parameters acting as conditions under
which the organisms associated with the system cannot thrive even in the absence
of predation. Moreover, they found that the system undergoes Hopf bifurcation
when the carrying capacity of macro-algae crosses its critical value.

The evidence of chaos in the real-world is still far reaching, but the literature of
chaos and chaos control are vast in different fields such as biological systems, electri-
cal engineering, ecological models, and economics.28–32 The dynamic relationship
between predators and their preys is a dominant theme in both theoretical and
mathematical ecology. Without seasonality or structure, chaotic dynamics cannot
occur in continuous systems unless at least three species are included. Hastings and
Powell32 suggested that chaos is common in natural systems (interacting tri-trophic
food chain). Occurrence of chaos in a simple ecological system produces chaos as
a subject of considerable interest among theoretical ecologists.33–35 However, there
is still lack of experimental evidences of chaos in the real-world population dynam-
ics. Chaos detection in natural system is difficult due to the presence of observa-
tional noise.36,37 Becks et al.38 experimentally showed chaos in the predator–prey
interaction between bacterivorous ciliate and two bacterial prey species. Biswas
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et al.39 studied a cannibalistic predator–prey system with a transmissible disease
in the predator population. They considered incubation delay in disease transmis-
sion, and showed that cannibalism can control disease and population oscillations.
Further, their model analysis reveals that incubation delay destabilizes the system
and produces chaos.

Time delay is a very important tool for investigating the real dynamic behav-
ior of a biological system.40 In reality, the behavior of a system is influenced by
both the current and past states of the dynamical variables (i.e., there exists an
implicit time lag in the system41,42). Bhattacharya and Pal43 proposed and ana-
lyzed a three-dimensional stage-structured predator–prey model to study the effect
of intraguild predation with harvesting of the adult predators. They considered time
lags in reproduction and maturation of the organisms and highlighted that the sys-
tem undergoes a Hopf-bifurcation when the time lags cross certain critical values.
Bhattacharya and Pal44 studied a two-dimensional single-species stage-structured
model by considering time lags in reproduction (conversion due to cannibalism)
and maturation of the organism. They estimated the length of delay preserving the
stability of the system and found that stability switches occur for increasing the
values of time delays. In this paper, we have modified the model of Bhattacharya
and Pal43 by considering the Beddington type functional response for interaction
between prey and the adult predator. We have considered only the gestation delay
and explored rich dynamics including period doubling bifurcation and chaos, which
was absent in earlier work. Numerically, we have investigated the combined effects
of gestation delay and maturation delay on the stability dynamics and compare our
results with previous works.

2. The Mathematical Model

Two fishes, Parrotfish and P. volitans are considered for the study of interactions
within and among the stage-structured populations. Let U(t), V (t) and W (t) be
the abundances of Parrotfish, juvenile P. volitans and adult P. volitans, respec-
tively, at any time t > 0. P. volitans are one of the top levels of the food web in
many coral-reef environments. They are known to feed mostly on small fishes, which
include juveniles of their own species. We assume that in the absence of P. voli-
tans, the growth of Parrotfish population follows logistic law. Apart from preying
on Parrotfish, adult P. volitans exhibits a distinct cannibalistic attitude towards
its juvenile species; the juvenile P. volitans does not attack Parrotfish and has no
reproductive ability. We consider that the adult P. volitans prey on both Parrot-
fish and juvenile P. volitans following the Beddington type45 and Holling type II
interactions, respectively. The proliferation of predatory P. volitans reduces the
population density of herbivorous Parrotfish by changing the community structure
of coral reefs for which corals decline with an increase in abundance of seaweeds.20

Moreover, commercial harvesting of adult P. volitans is required to reduce the num-
bers of P. volitans to mitigate their impact on coral-reef ecosystems.26 We consider
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Benjamin Netanyahu’s state visit to India
Pradipta Roy

Department of International Relations, Jadavpur University, Kolkata, India

ABSTRACT
A six-day visit by PMBenjamin Netanyahu to India on 14–19 January 2018marked
a new apogee in the renewed relationship between two old civilizations. It was
a reciprocal visit to PM Narendra Modi’s visit to Israel in July 2017 to celebrate the
Silver Jubilee year of the ‘Diplomatic Normalisation’ between the two states.
Netanyahu’s visit took place not only against the backdrop of this enthusiasm,
but also had concrete economic and political goals given that just amonth before
the visit New Delhi cancelled a $500 arms deal with Israel and voted against the
Jewish state in the UNGA on the Jerusalem question. Through five public
addresses, three media interviews and one road show, Netanyahu attempted to
break longstanding anti-Israel stereotypes and show the Indian masses that they
could be beneficiaries of Israel’s innovation and technological advancement.
Amplified by a string of economic, high-tech, agricultural, and defence agree-
ments, Netanyahu’s visit proved to be a success, whose positive implications will
affect the bilateral relations for years to come.

KEYWORDS India; Israel; economic cooperation; military cooperation; counterrorism; Benjamin
Netanyahu; Narendra Modi

Historical background

After extensive debate in the Constituent Assembly and had voted against
Israel’s creation at the UNGA in November 1947, India finally recognised the
Jewish state in 1950. New Delhi, for next forty years, denied ‘diplomatic
normalisation’ by declining any exchange of diplomatic mission with Israel,
maintaining its formal communication with the Jewish state through its UN
permanent mission. Israel had a consulate in Mumbai (erstwhile Bombay)
from which it took care of the transportation of the Jewish population from
Iran, Pakistan, Afghanistan and India. In 1952, the director general of Israel’s
ministry of foreign affairs, Walter Eitan, visited India on an official tour and
laid the groundwork for establishing diplomatic relations, but PM Jawaharlal
Nehru decided to defer the matter until after general elections.1 Eventually,
that normalisation took place only forty years later. While considering the
question of Israel, New Delhi was mindful of its largeMuslimminority, India’s
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relation with the Arabs and great-power politics.2 For forty years of 'non-
relationship', India criticised Israel on two grounds: the partition of mandatory
Palestine on (supposedly) religious ground, and Israeli security policies.
A major concern of the Indian political elites at the time was to deconstruct
the idea of Pakistan, namely creating a state based on religion, to its own
population, particularly to its Muslim minority. It pushed them to portray
Israel as a prototype of Pakistan and ‘publicly’ express their sympathy for the
Arabs.3 The rationale behind such claimwas that both Israel and Pakistan were
‘artificially created’ by partitioning land on religious grounds (ignoring the fact
that the Jews were first and foremost a nation rather than a religious commu-
nity). Indian criticism then extended to Israel’s retention of the Arab territories
captured during the June 1967 Six-Day War without the slightest criticism of
the arab relentless commitment to Israel’s destruction, even the PLO’s growing
terrorist attacks, notably the September 1972 massacre during the munich
Olympics, evoked reluctant condemnation from New Delhi.4

The leaders of the Indian National Congress (or the Congress party)
claimed to follow the Nehruvian-Gandhian legacy.5 Interestingly, this multi-
national or domestic public rhetoric was never an obstacle for covert bilateral
cooperation. Israel helped India in the 1962 war againt China and in the 1971
war against Pakistan.6 Nehru sent his representative to Israel to learn refugee
management. Indian officials visited the Jewish state repeatedly to learn agrar-
ian technology and refugee rehabilitation programme. Covert and overt, for-
mal and informal bilateral visits were exchanged.7

Since the ‘Diplomatic Normalisation’ in 1992, India strengthened its coopera-
tionwith Israel and reaped benefits well beyond expectations. Starting from arms
trade and cooperation in counter terrorism, the two countries are now partners
in development and innovation. Arms supply and technology transfer have also
become important components in the bilateral relationship. As result of the
successful overtures to its military industries, Israel has become the third largest
arms supplier to India but remained a taboo in the mind-set of Indian civil
society. Neither the diplomatic normalisation nor the military cooperation
between two countries paved the way for mass acceptance of the Jewish nation
by the people of India across the religious and political divides. Indian Muslims,
who are the ‘dominantminority’ of the country, remained hostile to the relation-
ship. Leftist parties are critical of the bonhomie and the Congress Party main-
tained a policy of ‘public hostility’ towards the Jewish state. The complex political
propaganda against Israel resulted in building a false image of the state as an
occupier and human rights violator. Netanyahu’s six-day visit was an attempt to
counter this image of his country. It was the breaking of these long lasting
prejudices that Netanyahu’s visit sought to achieve, on top of the numerous
practical objectives.
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ABSTRACT

It is well known that coral reefs are at a high risk of destruction from terrestrial runoff, various

anthropogenic activities and pollution in marine ecosystem. The growth of coral reef and

macro algae depend on the activities of herbivores on it. Here, we introduce a mathematical

model to explain the effect of activities of herbivores on growth of coral reef and macro

algae in a coral reef ecosystem and investigate the time dependent sensitivity index of

parameters on different species.A detailed analysis of the model reveals that the system

undergoes a Hopf-bifurcation when the rate of decline of herbivorous fishes pass through

its critical value. Competition for space and light between coral and algae in herbivore free

system is derived conducting analytical study of the model and coexistence between corals

and algae is also illustrated using numerical simulations.

Keywords: Hopf-bifurcation, Competitiveness, Sensitivity analysis, Sensitivity index, Co-

existence.

2000 Mathematics Subject Classification: 92B05, 37N25.

1 Introduction

Coral reefs are one of the most diverse ecosystems in the world and also provide a well-

studied example of a Complex ecosystems with nonlinear interactions. Corals occupy less

than 0.2% of the sea floor. Yet they cover more than 150,000 kilometers of coastline spread

across more than 100 countries and territories. More than 275 million people live within 10

kilometers of the coast and within 30 kilometers of the coral ecosystem. One-eighth of the

worlds population, about 850 million people live within 100 kilometers of the coral ecosys-

tem and can take advantage of the ecological services provided by the coral reefs (Cinner,
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McClanahan, Daw, Graham, Maina, Wilson and Hughes, 2009; Burke, Reytar, Spalding and

Perry, 2011; Costanza, De Groot, Sutton, Van der Ploeg, Anderson, Kubiszewski, Farber and

Turner, 2014). However, today the coral reefs are in great danger, as they are on the verge of

extinction for a variety of reasons that have resulted in the loss of about 50% of coral reefs

since the early 1980s (Bruno and Selig, 2007; Côté, Gill, Gardner and Watkinson, 2005).

One of the important reasons causing loss of corals is the anthropogenic stresses. Con-

ditions arising out of anthropogenic activities such as climate change, pollution, sedimenta-

tion, and the overexploitation of fish stocks are the primary causes of reef degradation over

the last several decades (Hoegh-Guldberg, Mumby, Hooten, Steneck, Greenfield, Gomez,

Harvell, Sale, Edwards, Caldeira et al., 2007; Keller, Gleason, McLeod, Woodley, Airamé,

Causey, Friedlander, Grober-Dunsmore, Johnson, Miller et al., 2009). Overfishing of herbiv-

orous fishes or eutrophication of seawater, which changes the local environment of the coral

reefs into an environment that are more suitable for macroalgae to grow than that for corals,

may cause the phase shift from coral- to macroalgae-dominated communities (Pal and Bhat-

tacharyya, 2017; Hughes, 1994; Bellwood, Hughes, Folke and Nyström, 2004). Existence

of hysteresis through saddle node bifurcation and trascritical bifurcation is also observed in

coral reef ecosystems in presence of micro algal toxicity and overfishing (Bhattacharyya and

Pal, 2015; Pal and Bhattacharyya, n.d.). Since microalgae are superior space competitors

than corals macroalgae overgrow corals where the conditions are favorable for the growth of

macroalgae in a reef (Box and Mumby, 2007). The largest group of coral reef fishes that feed

on microscopic and macroscopic algae include parrotfishes, damselfishes, rabbitfishes, and

surgeonfishes. So, the presence of these herbivorous fishes in the reef ecosystem in turn

helps in creating favorable condition for the growth of corals. In addition, harvesting of invasive

Pterios volitans is also considered to be an important factor to maintain the stability of the coral

reef ecosystem (Maji, Bhattacharyya and Pal, 2016).

Competition for space and light are two important factors that determine the structure and com-

position of Benthic communities on coral reefs (Lang and Chornesky, 1990; Karlson, 2002).

Competitive superiority of algae due to reduced herbivory and increased nutrient availability

results into degradation of coralreef ecosystem. Specially, competition between hard corals

and benthic algae becomes a very important factor during Phase shift, where macroalgae be-

come dominant over reef building corals in coral reefs that were previously dominated by reef

building corals (McCook, 1999; Ansell, Gibson, Barnes and Press, 1998; LaPointe, 1989).

We have constructed a model which have been highlighted through out the manuscript. In

this model, we have taken three species i.e algae, herbivores and corals, where growth of

algae and corals follow logistic growth rate (Solomonovich, Bica, Gao and Hailu, 2018) and

herbivores feed on algae (Tolentino-Pablico, Bailly, Froese and Elloran, 2007; Kopp, Bouchon-

Navaro, Cordonnier, Haouisée, Louis and Bouchon, 2010) following Holling type-II functional

response.

The rest of this manuscript is as follows. In the next section, we have formulated the model.

The mathematical properties of the model is demonstrated in section-3. In section-4, the

system undergoes a Hopf-bifurcation when the number of herbivores decline. In section-5,
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herbivore free system becomes a competition model between corals and macro algae. In

section-6, numerical analysis has been conducted to confirm the analytical calculation and to

demonstrate the coexistence stability and finally, a conclusion has been drawn from the whole

study.

2 The mathematical model

Let x(t), be the proportion of algal cover at time t, z(t) be the proportion of coral cover, y(t) be

the herbivorous fish density at any time t > 0.

The following assumptions are made in deriving the mathematical model:

(
¯
H1) : In the absence of corals and herbivorous fishes the growth of macro algae population

follows logistic law and also the growth of coral cover follows logistic law in the absence of

algae. r1 and r2 are the intrinsic growth rate of algae and coral respectively.

(
¯
H2) : k1 and k2 are the carrying capacity of algae and coral respectively.

(
¯
H3) : Interaction between herbivores and algae follows Holling-II functional response with

maximal growth rate a2 and half saturation constant a3. A brief discussion regarding this was

also published (Murray, Stillman, Gozlan and Britton, 2013).

(
¯
H4) : Algae and corals are competing for light and space which is shown here by the coeffi-

cient a1 and c1.

(
¯
H5) : d1 is the natural death rate of herbivorous fishes.

(
¯
H6) : b2 is a density-dependent coefficient and b1 is the growth efficiency of herbivorous fishes.

dx

dt
= r1x

(
1−

x

K1

)
− a1xz −

a2yx

(a3 + x)
,

dy

dt
=

b1a2xy

(a3 + x)
− b2y

2 − d1y, (2.1)

dz

dt
= r2z

(
1−

z

K2

)
− c1xz.

3 Adimensionalization of the problem

Let us change the variables of the system (2.1) to non dimensional ones (Morozov and Arashke-

vich, 2008) by substituting x̄ = x
k1
, ȳ = a2y

r1k1
, z̄ = z

k2
, t̄ = t

r1
, ā1 = a1k2

r1
, ā3 = a3

k1
, ā2 = b1a2

r1
, b̄2 =

b2k1
a2

, d̄1 =
d1
r1
, r̄2 =

r2
r1

, and c̄1 =
c1k1
r1

.

Under these substitutions the system (2.1) reduces to(for simplicity we have used the parame-

ters without bar):
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